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Semiclassical Strings in AdS5 × S5 and Automorphic Functions
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Using AdS/CFT we derive from the folded spinning string ordinary differential equations for the
anomalous dimension of the dual N = 4 SYM twist-two operators at strong coupling. We show
that for large spin the asymptotic solutions have the Gribov-Lipatov reciprocity property. To obtain
this result we use a hidden modular invariance of the energy-spin relation of the folded spinning
string. Further we identify the Moch-Vermaseren-Vogt (MVV) relations, which were first recognized
in plain QCD calculations, as the recurrence relations of the asymptotic series ansatz.
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I. INTRODUCTION
Since the early days of QCD [1] it is known that the
anomalous dimensions γ(S) of twist operators Tr(ΦDSΦ)
are related to parton splitting functions, which gives the
probability of partons to split into another parton with
certain momentum fractions. Nevertheless it is a recent
observation that the coefficient functions at three loop
order in perturbation expansion of γ(S) are already de-
termined by the two loop results [2–4]. In a large S ex-
pansion the terms organize as [5, 6]
γ(S) = f ln(S) + fc + f11
ln(S)
S
+ f10
1
S
+O(S−2), (1)
where
f11 =
1
2
f2, f10 =
1
2
f fc (2)
are the MVV relations. In [5, 6] it was argued that similar
relations hold also for coefficient functions of the higher
order terms with odd powers in S provided the anoma-
lous dimension has the parity preserving asymptotic ex-
pansion in the conformal spin s = S + 1
2
γ(S):
γ(S) = f(S+
1
2
γ)→ g ln(s)+gc+ g1
s2
+
g2
s4
+O(s−6), (3)
where gi are polynomials in ln(s). The parity preserving
property implies also the Gribov-Lipatov reciprocity of
the splitting functions [5, 7].
The conjectured AdS/CFT correspondence [8–10] re-
lates the anomalous dimension of twist operators in N =
4 SU(N) SYM at strong coupling to the energy E(S) of
semiclassical spinning string configurations with spin S
in AdS5×S5. For recent reviews of the anomalous dimen-
sion and Gribov-Lipatov reciprocity of twist operators in
context of AdS/CFT see [13].
In this letter we will use AdS/CFT to show that at
strong coupling the MVV relations and the parity pre-
serving and reciprocity properties can be derived from
asymptotic series solutions of nonlinear ordinary differ-
ential equations. We obtain these equations by using the
close relation of the energy-spin relation of the dual spin-
ning string to automorphic functions and Picard-Fuchs
equations for complete elliptic integrals.
II. THE FOLDED SPINNING STRING
In the subspace AdS3 of AdS5 × S5 with metric
ds2 = − cosh2 ρdt2 + dρ2 + sinh2 ρdφ2, (4)
the folded spinning string can be described by the ansatz
[10, 11]
t = κτ, φ = ωτ, ρ(σ) = ρ(σ + 2pi). (5)
The explicit solution of the equations of motions is given
in terms of Jacobi’s elliptic functions
cosh2 ρ(σ) =
1
1− k2 dn
2(ωσ +K|k2), (6)
and from the periodicity constraints one gets relations
between the parameters in the ansatz:
κ =
2
pi
kK, ω =
2
pi
K. (7)
Also the energy and the spin can be parameterized in
terms of complete elliptic integrals
E =
√
λ
2
pi
k
1− k2E, (8)
S =
√
λ
2
pi
[
1
1− k2E−K
]
, (9)
where the modulus parameter k is related to the string
length ρ0 as
tanh ρ0 = k. (10)
In the semiclassical limit
λ, S,E →∞, with E = E√
λ
, S = S√
λ
fix (11)
2the energy can be expanded as
E =
√
λE + E1 +O
(
1/
√
λ
)
, (12)
where the classical contribution for S → ∞ is given as
(with S¯ = 8piS) [6]:
E(S) = S + 1
pi
(
ln S¯ − 1)+ 1
2pi2S
(
ln S¯ − 1)−
− 1
16pi3S2
(
2 ln2 S¯ − 9 ln S¯ + 5)+ (13)
+
1
48pi4S3
(
2 ln3 S¯ − 18 ln2 S¯ + 33 ln S¯ − 14)+O(S−4).
In principle one has to insert the inverse function of S
into E to get the expression for E(S). Since this was not
possible, so far only this series expression was obtained.
III. PICARD-FUCHS DIFFERENTIAL
EQUATIONS OF ELLIPTIC INTEGRALS
In order to understand the modular derivatives of E
and S we will mention some classic results about Picard-
Fuchs equations of complete elliptic integrals. Making
the connection to the corresponding Abelian periods it
will then be straightforward to generalize this setting to
the general hyperelliptic case [14, 15].
The classic canonical form of the complete elliptic in-
tegrals are defined by
K =
∫ 1
0
dx√
(1− x2)(1 − k2x2) ,
E =
∫ 1
0
dx
√
1− k2x2√
1− x2 . (14)
In algebraic geometry one considers instead the Abelian
periods
I1 =
∫ 1
0
dz√
P (z)
I2 =
∫ 1
0
dz z√
P (z)
, (15)
with P (z) = z(1 − z)(1 − k2z). Both expressions are
related by (with z = x2)
K =
1
2
I1, E =
1
2
I1 − k
2
2
I2. (16)
Therefore the complete elliptic integrals are related to
the Abelian periods by an additive combination.
Although traditionally the dependence on the elliptic
modulus k is not mentioned explicitly one should keep
in mind that the Abelian periods and complete elliptic
integrals are still functions of k. It is a nice property of
the Abelian periods that their derivatives with respect to
k can again be expressed as an additive combinations of
the original Abelian periods (with k′2 = 1− k2):
dI1
dk
=
k
k′2
(I1 − I2), dI2
dk
=
1
kk′2
(I1 − (2− k2)I2). (17)
We avoid the term ’linear combination’ since the coeffi-
cients in front of the Abelian periods are not independent
constants but are again expressed in terms of the elliptic
modulus k.
Using now (16) one can immediately write down the
modular derivatives for the complete elliptic integral:
dK
dk
=
1
kk′2
(E− k′2K), dE
dk
=
1
k
(E−K). (18)
Repeating this procedure with the second derivative one
finds the classic result by Legendre that the complete
elliptic integral satisfies a second order linear differential
equation
kk′2
d2K
dk2
+ (1− 3k2)dK
dk
− kK = 0. (19)
This equation is today understood as a special case of
Picard-Fuchs equations. By the substitution x = k2 the
differential equation (19) transforms to a hypergeomet-
ric equation, which gives the well known expression for
the complete elliptic integral in terms of hypergeometric
functions
K =
pi
2
2F1
(
1
2
,
1
2
, 1; k2
)
. (20)
IV. THE ENERGY-SPIN FUNCTION
We can now take a look at the energy and spin of the
folded string from the view point of Abelian periods and
their modular derivatives:
E = 2
pi
k
1− k2E, S =
2
pi
[
1
1− k2E−K
]
. (21)
Since (21) are additive combinations of the complete el-
liptic integrals, they are also additive combinations of the
Abelian periods. And therefore they inherit the property
that their modular derivatives can again be expressed not
only as additive combination of complete elliptic integrals
or Abelian periods but also in terms of E and S again:
dE
dk
=
1
1− k2
[
S + 1
k
E
]
,
dS
dk
=
1
1− k2 [kS + E ] . (22)
This is not really a surprise but the essential point is:
Although we have no analytic expression for E(S) we can
use now the results (22) to obtain a very nice compact
expression for its derivative:
dE
dS =
1
k
, (23)
where the elliptic modulus k should be understood as
function of S.
On the other hand the elliptic modulus has a represen-
tation in terms of theta constants
k =
ϑ2
10
(0, τ)
ϑ2
00
(0, τ)
, (24)
3which has the property that it is invariant under mod-
ular transformations Γ(2) of τ [16], it is an automorphic
function. Further, transformations under the full modu-
lar group Γ may be related to recently observed duality
properties of the spinning string [17].
E and S are a very special combination of the complete
elliptic integrals, since from (18) one can see that e.g.
dK/dE is not an algebraic expression of an automorphic
function.
We can proceed further and consider the second deriva-
tive, given by
d2E
dS2 =
d
dS
(
dE
dS
)
=
(
dS
dk
)
−1
d
dk
(
1
k
)
=
= −1− k
2
k2
1
kS + E . (25)
Using now (23) for k, we obtain a nonlinear second order
ordinary differential equation of third degree:(
S + E(S) dE
dS
)
d2E
dS2 +
(
dE
dS
)3
− dE
dS = 0. (26)
This is the main result of this section. The energy-spin
function E(S) of the folded string is a solution of (26).
Motivated by the previous result (13) one can use the
following asymptotic ansatz for S → ∞ as a solution of
(26):
E(S) = S + f lnS + fc + f11 lnS + f10S +
+
f22 ln
2 S + f21 lnS + f20
S2 +
+
f33 ln
3 S + f32 ln2 S + f31 lnS + f30
S3 . (27)
Then one obtains recurrence relations between the coef-
ficients
f11 =
1
2
f2, f10 =
1
2
ffc, f22 = −1
8
f3,
f21 =
1
16
f2(5f − 4fc),
f20 =
1
16
f(2f2 + 5ffc − 2f2c ),
f33 =
1
24
f4, f32 =
1
8
f3(−2f + fc),
f31 =
1
16
f2(f2 − 8ffc + 2f2c ),
f30 =
1
48
f(3f3 + 3f2fc − 12ff2c + 2f3c ). (28)
Since we have a second order differential equation all co-
efficients are determined when f and fc are fixed by some
initial conditions. Apparently these are the MVV rela-
tions previously derived by assuming the parity preserv-
ing property (3). We see now that only two free coeffi-
cients are enough to determine the solution.
As a check one can convince oneself that the coeffi-
cients of the classical energy (13) indeed satisfy the rela-
tions (28).
A. The weak involution property
For the function S(E), which is the inverse of E(S), we
have
dS
dE = k, (29)
from which we can derive the corresponding differential
equation
(
E + S(E)dS
dE
)
d2S
dE2 +
(
dS
dE
)3
− dS
dE = 0 (30)
Comparing with (26) we see that the equations are in-
variant under S → E and E → S. This means that a
function f1(x) and also its inverse f2(x) = f
−1
1
(x) are
solutions of the same differential equation:
f1(E) = S, f2(S) = E , (31)
B. The reciprocity property
If the anomalous dimension γ = E−S satisfies the par-
ity preserving relation (3) it should be possible to write it
as a function of the generalized spin variable s0 = E + S
[6].
It is now easy to check that also the derivative of this
function has the modular invariance property:
d(E − S)
d(E + S) =
1− k
1 + k
. (32)
Along the same line as for E(S) we find the differential
equation for γ(s0) as
(
s0 + γ(s0)
dγ
ds0
)
d2γ
ds2
0
−
(
dγ
ds0
)3
+
dγ
ds0
= 0. (33)
One can make a similar series ansatz for γ(s0) as for E(S):
γ(s0) = g0s0 + g ln(s0) + gc +
∑
n=1
an(ln(s0))
sn
0
,
an(ln(s0)) =
∑
m=0
gnm ln
m(s0). (34)
Now we find the following recurrence relations:
g0 = 0, g10 = g11 = 0, g22 = 0,
g21 =
1
4
g3, g20 =
1
4
g2(2g + gc),
g33 = g32 = g31 = g30 = 0, g44 = g43 = 0,
g42 = −1
8
g5, g41 = − 1
64
g4(23g + 16gc)
g40 = − 1
128
g3(35g2 + 46ggc + 16g
2
c),
g55 = g54 = g53 = g52 = g51 = g50 = 0. (35)
The function γ(s0) has all the desired properties [6, 13]
4• Reciprocity: Only even negative powers of s0 ap-
pear in the expansion,
• The highest order of lnn(s0) does not appear in the
expansion.
C. Short string expansion
It is also easy to obtain from (26) the short string ex-
pansion S → 0 to arbitrary high order:
E =
√
2S
∑
n=0
anSn, (36)
with the following coefficients
a1 =
3
8
1
a0
, a2 = − 21
128
1
a3
0
, a3 =
187
1024
1
a5
0
,
a4 = − 9261
32768
1
a7
0
, a5 =
136245
262144
1
a9
0
. (37)
This confirms and extends previous results for a0 = 1[18].
A further numerical comparison of the asymptotic series
(36) with the exact result (21) shows good agreement for
S < 0.4.
V. DISCUSSION
We have shown that the energy-spin relation of the
semiclassical folded spinning string has to satisfies a
nonlinear second order differential equation. Using the
AdS/CFT correspondence the recurrence relations for
the coefficients of asymptotic series ansatz at S → ∞
are identified as the MVV relations for the anomalous
dimensions of the twist operators in the dual gauge the-
ory.
The analog asymptotic solution of the differential equa-
tions for the anomalous dimension expressed in terms of
the conformal spin has the reciprocity property, an ex-
pansion only in even negative powers of S. So far this
property was an ad hoc assumption in order to derive
the MVV relations. Now we see it is inherit from the
modular properties of the spinning string configuration.
Since the corresponding equations are of second order,
there remain two undetermined coefficients, the scaling
or cusp functions f and the virtual scaling function fc
[19]. Although the differential equation and the recur-
rence relations are derived from the classical string one
can check by using the results of [20] that the relations are
also satisfied up to O(S−2) including the 1-loop quantum
corrections.
In order to generalize our results to other spin configu-
rations we like to point out that it is not necessary to have
a closed expression for the constants of motion. All one
needs are the integral expressions in terms of Abelian pe-
riods as (15) in the elliptic case. Integral expressions are
accessible for a broad range of semiclassical string config-
uration [21]. From these in principle the corresponding
Picard-Fuchs equations can be derived in order to find
some automorphic invariants.
It would also be interesting to understand the relation
of the nonlinear differential equations to certain integral
equations of the anomalous dimension, which follow from
the asymptotic Bethe ansatz [22–24].
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